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Abstract—A general formulation of a higher-order boundary perturbation method is developed for
investigating two classes of asymmetry effects in solid bodies: eccentricity and ellipticity. General
expressions for treating these problems are derived in terms of perturbed functions and perturbation
parameters. In Part 11, the method is applied to dynamic problems of radiation dislocation.

I. INTRODUCTION

The response of asymmetric systems often shows a strong departure from that of its
symmetric counterparts especially if dynamic behaviour is concerned. Indeed, asymmetry,
in general, is typical of a real physical situation and by ignoring it one may render an
analysis inapplicable. However, asymmetric problems, by their very nature, lead to a more
complex mathematical treatment than their axisymmetric analogues. Consequently, such
problems have been treated, in recent years, by computer-oriented methods of which finite
elements (see, e.g. Datta et al.[1]) or the extended boundary condition method (see, e.g. Ott
and Fang[2]) are typically representative. These methods are not usually intended to provide
a generalized description of the responses or to indicate their analytical structure. In this
paper, we develop a higher-order boundary perturbation method (BPM) which represents
an alternative approach to an exact analytic treatment or to numerical approaches.

A systematic development of the boundary perturbation method is given in Morse and
Feshbach{3]). The method has been used extensively in applications to fluid mechanics;
treatments are given by Van Dyke[4] and applications to the study of water waves have been
presented by Stoker[5]. In recent years, the BPM also has been used to treat problems of
surface perturbations in reactor physics (see, e.g. Komata[6}). In the field of mechanics of
solids, however, it appears that the BPM has had but limited use. A review of works
originally published in Russian has been given by Kubenko ez al.[7].

In the present investigation we turn to the solution of some asymmetric problems
which appear in solid mechanics. We present, in Part I of this paper, a general formulation
of the basic equations which will permit the application of the BPM to a variety of
problems which are subjected to Dirichlet or Neumann boundary conditions. Two classes of
asymmetric problems are treated: those concerned with the effects of eccentricity and of
ellipticity.

In the first class, we treat bodies defined in a circular domain containing forcing (or
source) terms which are eccentric to the centre. Classically, exact solutions to this type of
problem often result in a mathematical treatment requiring bipolar coordinate systems. In
the second class, we consider elliptic domains. Problems associated with the mechanics of
such bodies often necessitate a resort to Mathieu functions, and in particular, for dynamic
problems of this kind, exact solutions do not lead readily to an identification of resonant
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behaviour. The use of the BPM, however, yields relatively simple solutions for which res-
onant frequencies are easily obtained.

We first outline, in Section 2, the general development of the BPM, applicable to the
two indicated classes of problems. Relations governing the geometry are established and
explicit expressions, applicable up to a third-order BPM for the class of eccentric problems,
are derived in Section 3. We develop, in Section 4, explicit expressions for the somewhat
more complex problem of the ellipse which are applicable to a higher-order scheme. To the
best knowledge of the authors, such expressions do not appear in the literature.

In Part II of this paper[8] the BPM is applied to two dynamic problems. We consider
first the radiation due to a screw dislocation oscillating about an eccentric point of a circular
cylinder. The BPM solution is characteristically simple and yet for moderate eccentricities,
leads to results which are in good agreement with the exact solution recently given by the
authors[9]. In the second problem investigated, we consider the radiation due to a screw
dislocation oscillating about the centre of an elliptic cylinder.

2. GENERAL DEVELOPMENT OF THE BPM

Before proceeding with explicit expressions and details, we first outline the general
ideas which will be used below in developing the perturbation method for the two classes
of problems under discussion.

We consider first the development for the eccentric problem. The given boundary value
problem for a Green’s function consists here of a governing differential equation

LIS (7, 8)] = P6(F—D(6) (2.1a)

valid within a domain defined by a circle C, of radius a (centred at ) on which a set of
appropriate boundary conditions of a general form

Bjle,= B[f(a,0)] =0, i=12,..., (2.1v)

are prescribed (Fig. 1). In the above, L is a linear differential operator, the set B, contains
the function f and its derivatives at 7 = a, and § is the Dirac-delta function. Defining the
eccentricity parameter by

n=lla, (2.2)

we note that due to an eccentricity n > 0 in the particular term of eqn (2.1a), the solution
is B-dependent irrespective of a B-independent B,. Classical solutions consist of expanding
eqns (2.1) as Fourier series in 8 and solving a set of inhomogeneous equations with homo-
geneous boundary conditions.

To proceed with the boundary perturbation method we establish an eccentric polar
coordinate system (r, §) centred at 0, a distance / = na, and construct a fictitious circle C,
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of radius r = a about this point. If » is not too large, the original curve C, can then be
considered as a perturbation of the curve C,, with points P, on C, being perturbed points
of P, on C, (Fig. 1). We note that C, is then a curve with varying radial distance from 0,
i.e. ry = ro(6). Symbolically we may write the perturbed relation, C, = Cy, as

a—>rog= rO(a’ 69 ’1)9 (2'3)
with rgl,.o = a.

We assume now that the function f is equally valid and analytic within the domain
defined by C,. The boundary value problem then becomes

L[f(r,8)] = Po(r) (2.4a)
with boundary conditions
Bic, = B[f(r, 0], (2.4b)

where Bj|c, must yet be related to E,-lco as discussed below.
Following generally developed methods of perturbation theory we let

S0 = [OtnfO4nif@ e = T fO0,6) )
j=0

for an Nth order scheme.
Using the linearity property, eqn (2.4a) is written as

LUf OV L[ f O+ n*LLf )+ -+ = Po(r) (2.6)

which is valid for n > 0. Equation (2.6) is satisfied by setting
L{fO] = P4(r), (2.7a)
L{fv=0, j=12,...,N. (2.7b)
We now turn our attention to the boundary condition eqn (2.4b). Noting that the
points P, and P, possess the same coordinate 6, the original boundary conditions B,lco at
P, can be expressed in terms of combinations of B¢, on the fictitious curve by means of a

Taylor series expansion in powers of (a—ry) which in turn are expressed as powers of 1 for
any fixed 8 and radius a. Thus, we can expand B,-Ico as a series

Bjc,= B®lc,+nB{"lc,+n*BP|c,+ - +n"Bc, (2.82)
where
B\, =B f®0,0), Jj=12,...,N; k=12,...,(-1) (2.8b)
are f-dependent coefficients.
Now, from eqn (2.1b) we note that E,-Ico = 0. Since this is true for all 5, we require

that

BPc =0, j=0,1,2,...,N. 2.9)

Equation (2.9) represents the appropriate boundary conditions for the corresponding
differential equations, eqns (2.7).
Thus, to summarize, the boundary perturbation method for eccentric problems as
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L

presented here is reduced to satisfying a single inhomogeneous differential equationt
L{f™ =Pé(r) with B®=B"; j=0, (2.10a)
and then solving sequentially a set of simple boundary value problems
Lif9") =0, BP=BY; j=12,...,N, (2.10b)

consisting of homogeneous differential equations.

The j = 0 problem is, under usual circumstances, an axisymmetric problem, often with
a known solution. Consequently, the effort required is to solve, in sequence, the j = 1
problems which according to eqn (2.8b) possess boundary conditions B{? evaluated from
the previously obtained solutions f®, k = 0,1,...,(j—1). The perturbation method, as
will be seen below, usually leads to relatively simple boundary conditions.

We now turn to the problem of an elliptic domain for which the general ideas are
basically similar. However, for this case it is not necessary to establish two separate
coordinate systems: a single (r, ) coordinate is defined, with origin at the centre of the
ellipse whose semimajor and -minor axes, are a and b, respectively (Fig. 2). The ellipticity
¢ is defined as

=alb—1, £>0. 2.11)
The basic Green’s function problem then consists of the differential equation

L{f(r,¥)) = Pé(r) (2.12a)

valid within a domain defined by C,, the curve of the ellipse, on which appropriate boundary
conditions, of a general form

B-ilC,=07 = 1,2’-"a <m, (2]2b)

are prescribed.

Proceeding now with the BPM for this case, we consider, for a moderate value ¢, the
curve C, to be a perturbation of a circumscribing circle C, of radius a, with points P, on
C. being perturbed points of Py on C, (Fig. 2). The ellipse C, is then, as in the previous
case, a curve with varying radial distance from 0, i.e. r, = r,(). Symbolically, the perturbed
relation €, = C, may be written as

a-r,=rlay,e), (2.13)

with 7,|,.o = a.

t Alternative cases may exist where, instead of the particular term of eqn (2.10a), the “forcing term™ of the
system is replaced by a specified singularity within the body (see, e.g. Part II [8]).
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The method proceeds exactly as in the previous case where in the above [eqns (2.4) to
(2.10)], C, is replaced everywhere by C,, and the perturbation parameter # is replaced
by .

For the present case of the ellipse, the j = 0 problem is, under usual circumstances, an
axisymmetric problem for the circular domain, with a known solution. The sequence of
problems, j > 1 which must be solved, again possesses boundary conditions B/ which have
been evaluated from previously obtained k solutions, &k = 1,2,...,(j-1).

In the following sections we derive the explicit expressions required to apply the BPM
to eccentric and elliptic problems.

3. GEOMETRIC RELATIONS AND PERTURBATION EXPRESSIONS FOR ECCENTRIC PROBLEM

3.1. Geometric relations
We consider a circle C, of radius a, centred about point 0. A polar coordinate system

(r, 0) is established with origin O located at a distance / to the right of O (Fig. 3). Defining
ro = ro(8) as the variable radial distance to C,, we note that

ri+12+42ryl cos § = a? 3.1
from which
ro(8) = —1Icos 8+ (a*—1I? sin? )2, (3.2a)
Recalling that / = na,
ro/a= —ncos 8+ (1—n? sin? 6)'/2, (3.2b)

We denote the normal and tangential directions to Cy by n and s, where # is inclined
with respect to the x-axis at an angle « (Fig. 3).

Consider now a function f = f(r,0) defined in the (r,0) polar coordinate system.
Directional derivatives in the # and s direction are then given by

aff _of of | ..
an . =l os (0—a) — 230, sin (6 —a), (3.3a)
arl  ar| 1af
s . =2 N sin (0—a) + Fo 30 |c. cos (0—a). (3.3b)
Applying the sin law to the triangle OP,0, we obtain
sin (0—a) = n sin @ (3.4)
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from which
cos (B—a) = (1—7n? sin? )2, (3.5)
3.2. Approximations for eccentricity n < 1
We note first that the sine term is exactly a linear function of 5. In our treatment below,

consistent with a third-order scheme, we expand up to powers n>. Expanding thus eqn (3.5),
we obtain

sin? 8

cos(—a)=1— nt+0(n*). 3.6)

Performing a similar expansion on eqn (3.2b) yields

2 g
ro/a=1—cos 6y — sm2 n2+0(n") G.7)
from which
1
1/re = ;{1 +cos On+1/2(1+cos? B)n?+cos O’} + O(n*). (3.8)

Substitution of eqns (3.4), (3.6) and (3.8) in eqns (3.3) then leads to

of sin @ ) . cos 8 s
F i Jrley === fale,n —sin 9<Sm 0f, +— fo) &
in 6
= 2 (146052 6) fulegi*+ 001" (39t
and
af | _ fe ( . cos 6 ) cos? 8 ,
e, = a Co+ sin 61 + p £, Corl+ , Solen

0
+ = (140082 0)folc,’+0(r").  (3.10)

3.3. Perturbed functions and directional derivatives

In the boundary perturbation scheme as discussed above, we obtain solutions to
problems posed in the domain defined by C, as perturbations from the circle C, of radius
a centred about point 0. More precisely, we consider functions at a point P, (r = r¢, 6)
as perturbed values of the function existing at P, (r = a,8) (Fig. 3). Noting that both P,
and P, possess the same coordinate 6, we may expand any function g(r, 8) about the point
P, by means of a Taylor series

9.a0) ., g.m(a0)
2 9+

9(ro,0) = g(a,6)+9,.(a)* (ro—a) + =—=—(ro (ro—a)’+---. (3.11

Substituting eqn (3.7) in eqn (3.11) and collecting like terms in 5 leads to

a .
9(ro,0) = go—a cos 6g.,n + 5 (—sin? 8g,,+a cos? 6g,,.)n*

a® cos 0
6

(3 sin? 8g,,,—a cos? g, )m*+0(n*). (3.12)

t Here, and in all subsequent expressions, derivatives with respect to a variable are denoted by a subscript
preceded by a comma, e.g. f, = df/dr, etc.
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In the above g, = g(a,0), g., = g,(r = a,0), ctc. We note too that the function g can
represent a function f(r,8), f.(r,0), fs(r, 6) and higher derivatives.

In anticipation of the boundary perturbation scheme (third-order), we now postulate
a desired function to be of the form

S0 =O4nfOtn’f D4y’ fO, (3.13)

where [V = fU(r,0).

Substituting the function f(r,0) and its derivatives as given by eqns (3.13) in (3.12),
J(r,6) on C, is expressed in terms of evaluated quantities on C, as follows:

fleo = FOFf O+ 0PI+ [P+ @+ P+ [P+ @P+ @+ OV, (3.14)

where (@} are functions of /' and its derivatives as well as of the coordinate 6. Explicit
expressions for the ;®{” terms appearing above are given in the Appendix, eqns (A.1). We
note that these terms are evaluated on the curve C,, i.e. at r = a.

Performing a similar operation and substituting in eqns (3.9) and (3.10) we obtain, after
considerable manipulation, the following expression for derivatives normal and tangential to
thecurve Cy:

8

‘aé = [P+ P+ 00+ /P +,00+,00) + £ +,00+,00+,001n°,  (3.15)
Co

0 1 1 1

L) -sree|brweolie| Lo sopr ooy

1
+[;ff;>+,¢s2>+,«>9>+,¢s°>]n3. (3.16)

The expressions for ,®§? and O (k, j = 1,2,3) are given by eqns (A.2) and (A.3),
respectively, in the Appendix.

We note that the above equations, eqns (3.14)—(3.16), express a function f(r,6) and
its directional derivatives in the normal and tangential direction to C, at a point P, in terms
of the usual radial and circumferential derivatives of f(r, 8) existing at the corresponding
point P, on C,.

Having established the above relations, we may readily apply the BPM to any problem
of this class whose boundary conditions are specified by a function and/or normal and
tangential derivatives on the boundary. An application of the BPM to the dynamic problem
of a dislocation which oscillates about an eccentric point of a circular elastic rod is given
in Part II [8].

4. GEOMETRIC RELATIONS AND PERTURBATION EXPRESSIONS FOR ELLIPTIC PROBLEMS

4.1. Geometric relations and expansions
We consider an ellipse C, located in the x—y plane defined by the equation (Fig. 2)

x}a*+y*}b*=1, a>b. 4.1
Denoting the ellipticity ¢ as
e=afb-1, e>0, 4.2)
eqn (4.1) is rewritten as

x2+y2y2 = az, (4.3)



1184 R. PARNES AND A. I. BELTZER

where

y=l+e. (4.4)

Solutions are obtained by considering the ellipse as the perturbed boundary with
respect to the circumscribing circle, C,, defined by

xi+yi=a? (4.5a)
or

Xo=acos Y, Yo =asin y, (4.5b,¢)

where x,, y, represent the coordinates of a generic point 2, on C,.
Generic points P, on the ellipse C, may similarly be defined by the coordinates

x=rfy)cos ¥y, y=r¥)siny, (4.6a,b)

where r, represents the variable radial distance from the origin to P,. Substituting eqn (4.6)
in (4.3) and using eqn (4.4) we obtain the exact expression

rl= a1+ Qe+¢? sin? ]~ . 4.7)
Considering the case of moderately small ellipticity ¢, consistent with a second-order

method, we perform expansions in ¢, here and below, up to order g2
Thus, eqn (4.7) yields

ry) = a[l —esin? i + %2 sin2 (2 sin? y —cos? |//)j|+0(£3). 4.8)

We note, in passing, the simple relation
(r.—a)? = a® sin* Yye?+ O(e?), (4.9a)

which subsequently will prove useful as well as the relation
1 . e? .
lr, = p 1+4¢sin?y + 0 sin? 2y |+ O(e). (4.9b)
At any point P, on the ellipse C,, the normal n to the ellipse, defined by the angle «

(Fig. 4) is given by

tan a = — (dy/dx)~", (4.10a)
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which, using eqn (4.2), becomes
tan o = a—;(l —x2/at)\2, (4.10b)

Substituting eqns (4.6a) and (4.8) in eqn (4.10b) and expanding, we obtain finally
tan a = (1-+¢&)? tan ¥+ O(c%). 4.10

Making use of standard trigonometric relations, and retaining terms up to O(¢?) in the
expansion, it follows that

sin a = sin Y[l +2 cos® Yye+cos? Y(1 —6 sin? Y)e?]+ O(e?), (4.12a)

cos a = cos Y[l —2 sin? ye~3 sin? ¢ cos 2ye*]+ O(e?). (4.12b)

From these, we may immediately determine the following relations to be used below:
sin (x— /) = sin ¥ cos ¥ [2e+ (cos? ¢ —3 sin? Y)e?]+ O(e?), (4.13a)

cos (~y) = 1— (sin 2¢)%e?+ O(eY). (4.13b)

Consider now any analytic function f = f(r, §) defined in the polar coordinate system.

Directional derivatives in the directions » and s, normal and tangential to the ellipse C, at
a point P, are then given by

) 0

3{2: i = —aé . cos {a— gb)-{-—é% sin (a—y), (4.14a)
of 148y af .

Fr C' = ;: 5;/; . cos(a—y) — e 5 sin (ac—y). (4.14b)

Substituting eqns (4.9b) and (4.13), and retaining terms up to the required order, yields

f?- = flc +sin ZW(ijf@ -1 sin 2:,[!]})‘ e+ 2 a4 Lilcg2+0(e), (4.15)
nic, a 2 C,

d 1

5{- C'=zf.¢lc. (sm wf,,-—sm 2y f«) .

sm 2://

[(3 sin? Y —cos? y) f, — P sm 2 f,] e2+0(e%). (4.15b)
(A

4.2. Perturbed functions and their directional derivatives

As discussed in Section 2, we consider points P, on the ellipse C, to be perturbations
of points P, on the circumscribing circle C, (Fig. 4). Noting that here P, and P, possess
the same coordinate ¥, we may expand any function g(r, /) about P, by means of a Taylor
series

9o (a, ¥)

9o ¥) = 9@, V) +9,(@¥) (r.—a) + =" (r.—a), (4.16)

where again g represents either f orits derivatives £, f,, etc.
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Substituting eqn (4.16) in eqn (4.15) and using eqns (4.8) and (4.9a),

90 ¥) = gu— (@ sin? Ygu)e + 5 sin? Y{(2 sin? Y —cos? Y)g,, +a sin? Yg,,Je’+O(c")
4.17)
where g, = g(a, ¥), etc.

In accordance with the second-order perturbation scheme we now consider a function
S (r,¢) of the form

fr ) = fOr @) +ef D)+ f O, ). (4.18)
Substituting in eqn (4.17) and collecting terms of the same order in ¢, we obtain
Sle,=fOle,+{f P+ ¥ e+ {f P+ ¥+, ¥P}e?, 4.19)
where /U and ,W}”, as given by eqn (A.4) in the Appendix, are evaluated on C,, i.e. at
r=a.

Similarly, substituting eqn (4.18) in eqn (4.15), making use of eqn (4.17) and collecting
all terms of same order in ¢, yields

% = [Ple, {0+ ¥ e+ {£P+,9 0+, ¥P)e?, (4.20a)
C.

6f I [} 1 h ()] 1 (2) Q) 0\.2

e == [Wle, 15 [0+ ¥V e+ ;f..p +, ¥+, PP pel, (4.20b)

where ,\¥{ and ,\¥§’ (j, k = 1,2) are given respectively, by eqns (A.5), (A.6) in the Appen-
dix.

We note that all quantities appearing on the right-hand side of eqns (4.19) and (4.20)
are evaluated at points P,(a, ) on the circle C,. Thus, these equations express the value of
a function at a perturbed point P, on C, in terms of the quantities at the point B,

An application of the above equations to a dynamic problem in an elliptic domain is
given in Part II [8] of this paper.
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APPENDIX: BOUNDARY CONDITION COEFFICIENTS

(a) Eccentric problems
The boundary condition coefficients, ,®{?, ,®{? and @}/ appearing in eqns (3.14)-(3.16), and obtained by
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substituting eqn (3.13) in eqns (3.12), (3.9) and (3.10), respectively, are given as follows for j, k = 1,2,3:

(8) @Y = —acosdfV,

(6) @ =3[a cos? 87, ~sin? 619,

a? a n
© &Y= = cos ()[sin2 of, - 3 cos? 0f_,,,:| s (A1)

@ ,00= —[a cos 0f,, + Mf,] ,

asin?d sin?8 sin 26 sin26 |
(b) QY) [—COS ef.m_ 2 f;r- 2 -/:' 2 fﬂ 2a f.ﬂ] ‘

3
© OF= [_ % <080 £, + g in 0 5in 20(af,, + 1)
T2 H |
— 7 5in20 cosf f,,.+sin0(§nz—a +cos’0)f,., -’-‘2%‘3(1+cos’o) f,] . (A2)

[cos §

@ o=

")
_,-—cosﬂf,.,+sin9f,] R

(b) ,OS”= ;coszof:ln_a—Si—;Ef."—( sxn a)fﬂr szof‘] ’

[ 42

© ,09= %cosﬂsxn20f,,,—-6—cos 0 form —

asin’é@
2

10}
+gcost:.,,—-c—ozs—ef_.,+°—°2-:—e-(l+cos’9)j:.] . (A3)

Bracketed terms, [. . .]¥, appearing above, denote that the combination of functions and derivatives contained
within refer to the function £V,

(b) Elliptic problems
The boundary condition coefficients, ¥, ¥ and \W{, (j,k = 1,2) appearing in eqns (4.19) and (4.20),
and obtained by substituting eqn (4.18) in eqns (4.17) and (4.15), respectively, are given as follows:
@) Y= -asin’yfY,

(b) Y= 3 2 sin? Y[(2 sin? Y —cos?¢) [, +a sin?y £, ]V, (Ad)

@ .\PV’=[—asin=wf,, ’"’Nf.],

®) ¥¥= [52: sin*y /., +g (2 sin®y —cos?y) sin’y f,,

sin 4y

(]
- % (sin 20), —sin? y sin 20 [, + f.] . (AS)

(@) ¢ = i [sin?y (fy—af,,)—asin2y )Y,

sin®y

® ,w=;’,[ a

(a® sin?y [y —cost W{3/y +afy) +2a sin2y £,)

_asin N(oos’\b 3sm’|ll)f,] Y



